Starting from the classification of real Manin triples done in a previous paper we look for those that are isomorphic as 6-dimensional Lie algebras with the ad-invariant form used for construction of the Manin triples. We use several invariants of the Lie algebras to distinguish the non-isomorphic structures and give explicit form of maps between Manin triples that are decompositions of isomorphic Drinfeld doubles. The result is a complete list of 6-dimensional real Drinfeld doubles. It consists of 22 classes of non-isomorphic Drinfeld doubles.
Introduction
As explained in the paper [1] (see also [2] ), the most apropriate structure for formulation of the field equations of Poisson-Lie T-dual sigma models is Drinfeld double. They are connected Lie groups D such that their Lie algebra D admits a decomposition into two maximally isotropic subalgebras G,G so that its dimension must be even. The classification of the two-dimensional Drinfeld doubles is trivial and the classification of four-dimensional Drinfeld doubles was given in the paper [3] together with the corresponding two-dimensional T-dual models. Examples of six-dimensional Drinfeld doubles and threedimensional dual models can be found e.g. in [4, 5, 6] .
There was an attempt to classify the six-dimensional Drinfeld doubles by the Bianchi forms of their three-dimensional isotropic subalgebras in [6] but as we shall show it is not sufficient for the specification of the Drinfeld double and on the other hand one Drinfeld double can have several pairs of maximally isotropic subalgebras (more precisely, Manin triples) with different Bianchi forms.
In our previous work [7] we have performed complete classification of six-dimensional real Manin triples and obtained 78 non-isomorphic classes. The goal of the this paper is to find which of the Manin triples represent decomposition of the same (or more precisely isomorphic) Drinfeld doubles. The result then is a complete list of the real nonisomorphic six-dimensional Drinfeld doubles.
In the following sections, we firstly recall the definitions of Manin triple and Drinfeld double then briefly explain the approach we have used to distinguish the non-isomorphic structures. The main result of the paper is the classification theorem. Part of its proof are explicit form of maps between Manin triples that are decompositions of the isomorphic Drinfeld doubles.
Drinfeld doubles and Manin triples
The Drinfeld double D is defined as a connected Lie group such that its Lie algebra D equipped by a symmetric ad-invariant nondegenerate bilinear form ., . can be decomposed into a pair of subalgebras G,G maximally isotropic w.r.t. ., . and D as a vector space is the direct sum of G andG. This ordered triple of algebras (D, G,G) is called Manin triple.
One can see that the dimensions of the subalgebras are equal and that bases {X i }, {X i }, i = 1, 2, 3 in the subalgebras can be chosen so that X i , X j = 0, X i ,X j = X j , X i = δ j i , X i ,X j = 0.
This canonical form of the bracket is invariant with respect to the transformations
The Manin triples that are related by the transformation (2) are considered isomorphic. Due to the ad-invariance of ., . the algebraic structure of D is determined by the structure of the maximally isotropic subalgebras because in the basis {X i }, {X i } the Lie product is given by
It is clear that to any Manin triple (D, G,G) one can construct the dual one by interchanging G ↔G, i.e. interchanging the structure coefficients f ij k ↔f ij k . All properties of Lie algebras (the nontrivial being the Jacobi identities) remain to be satisfied. On the other hand for given Drinfeld double more than two Manin triples can exist and we shall see many examples of that.
In the following we shall consider only algebraic structure D. The Drinfeld doubles as the Lie groups can be obtained in principle by means of exponential map and usual theorems about relation between Lie groups and Lie algebras apply, e.g. there is a one to one correspondence between (finite-dimensional) Lie algebras and connected and simply connected Lie groups. The group structure of the Drinfeld double can be deduced e.g. by taking matrix exponential of adjoint representation of its algebra.
We shall consider two Drinfeld doubles isomorphic if they have isomorphic algebraic structure and there is an isomorphism transforming one ad-invariant bilinear form to the other. As mentioned above we can always choose a basis so that the bilinear form have canonical form (1) and the Lie product is then given by (3). The Drinfeld doubles D and D ′ with these special bases
,X ′2 ,X ′3 ) are isomorphic iff there is an invertible 6 × 6 matrix C a b such that the linear map given by
transforms the Lie multiplication of D into that of D ′ and preserves the canonical form of the bilinear form . , . . This is equivalent to
where 
3 Method and result of classification
As mentioned in the Introduction, there are 78 non-isomorphic classes of Manin triples [7] . If we take into account the duality transformation (D, G,G) → (D,G, G) the number is reduced to 44. Their explicit form is given in the Appendix B. It follows from (1) and (3) that the structure of the Manin triple can be given by the structure coefficients f k ij ,f ij k of G andG in the special basis where relations (1) hold. That's why we usually denote the Manin triples (D, G,G) by (G|G) or (G|G|b) when a scaling parameter b occurs in the definition of the Lie product. Let us note that (G|G|b) and (G|G|b ′ ) are isomorphic up to rescaling of ., . .
It is clear that a direct check which of 44 Manin triples are decomposition of isomorphic Drinfeld doubles is a tremendous task. That's why we first evaluate as many invariants of the algebras as possible and then sort them into smaller subsets according to the values of the invariants. It is clear that only the Manin triples in these subsets can be decomposition of the same Drinfeld double. The invariants we have used are:
• signature (numbers of positive, negative and zero eigenvalues) of the Killing form, (8|1), (8|2.iii), (7 0 |4|b), 
14. (7 a |1) ∼ = (7 a |2.i) ∼ = (7 a |2.ii), 0 < a < 1,
(1|1).

The proof of Theorem 1
The essence of the proof is to find which of the 78 non-isomorphic Manin triples found in [7] and displayed in the Appendix B yield isomorphic Drinfeld doubles. The isomorphisms are given by the explicit form of the transformation matrices C (see (4) ) that were found by solution of equations (5) . In this part we have used the computer programs Maple V and Mathematica 4. The solutions are not unique and here we present only a simple examples of them. The non-isomorphic Drinfeld doubles are distinguished by investigation of their various subalgebras and properties of ., . and the Killing form on them.
In the next subsection we analyze the subsets of non-isomorphic Manin triples characterized by invariants described in the Section 3 and displayed in the Table 1 .
Manin triples with the Killing form of signature (3,3,0)
In this case the signature of the Killing form itself fixes the Lie algebra D of the Drinfeld double uniquely. It is the well-known so(3, 1) which is simple as a real Lie algebra and its complexification is semisimple; it decomposes into two copies of sl(2, C). The Drinfeld doubles corresponding to (9|5|b), (8|5.ii|b), (7 0 |5.ii|b) can consequently differ only by the bilinear form ., . .
We can find a necessary condition for equivalence of semisimple Drinfeld doubles from the fact that any invariant symmetric bilinear form on a complex simple Lie algebra is a multiple of the Killing form and that any invariant symmetric bilinear form on a semisimple Lie algebra is a sum of invariant symmetric bilinear forms on its simple components. (Proof: Let G = ⊕ i G i be the decomposition into simple components,
We therefore consider the complexification D C of the Drinfeld double algebra and write both the Killing form on D C and the bilinear form ., . in terms of Killing forms
We trivially extend the Killing forms K 1 , K 2 to the whole Drinfeld double algebra D C and express them as
Because K 1 , K 2 are trivially extended Killing forms, they must have 3-dimensional nullspace (sl(2, C) 2 in the case of K 1 and sl(2, C) 1 in the case of K 2 ). These two conditions on dimensions of nullspaces fix the coefficients α, β uniquely up to a permutation. Therefore, the necessary condition for equivalence of two semisimple 6-dimensional Drinfeld doubles is the equality of their sets of coefficients {α, β} . We compute the coefficients α, β for the Manin triples in this class and find that in all three cases
We see that the Manin triples with different b cannot lead to the same Drinfeld double. For the Manin triples with equal b, the transformations (4) between Drinfeld doubles exist, but may contain complex numbers since up to now we have considered only complexifications of the original Manin triples. However, one can check that the following real transformation matrices C guarantee the equivalence of the Drinfeld doubles in this class for fixed value of b. 
As mentioned in the beginning of this section the transformation matrices are not unique; they contain several free parameters. Here and further we give them in a simple form setting the parameters zero or one.
Manin triples with the Killing form of signature (4,2,0)
In this case the signature of the Killing form again fixes the Lie algebra D of the Drinfeld double uniquely, it is sl(2, R) ⊕ sl(2, R), and the Drinfeld doubles may again differ only by the bilinear form ., . . We use the criterion developed in the previous subsection for semisimple Drinfeld doubles and find
This shows that the Manin triples specify the corresponding Drinfeld doubles uniquely except two cases:
1. (8|5.i|b) and (6 0 |5.iii|b) for the same value of b. In this case we have found the transformation matrix C
This transformation is real and therefore the Drinfeld doubles are isomorphic, (8|5.i|b) ∼ = (6 0 |5.iii|b).
2. (6 a |6 1/a .i|b) and (6 1/a |6 a .i|b). One can easily see that these Manin triples are dual (i.e. can be obtained one from the other by the interchange G ↔G) and the Drinfeld doubles are therefore isomorphic. A rather simple computation shows that the radical is in all these Manin triples abelian and maximally isotropic, e.g. for (8|1) the radical is N = span{X 1 ,X 2 ,X 3 }, for (4|2.iii|b) the radical is N = span{X 3 ,X 1 ,X 2 }.
Next we find the semisimple component. It turns out that the semisimple subalgebra S is in all cases sl(2, R), e.g. for (8|1) it can be evidently chosen S = span{X 1 , X 2 , X 3 }, for (4|2.iii|b) the most general form of the semisimple subalgebra is S = span{2X 1 − 2αX 3 − 2 bX
One can restrict the form ., . to the semisimple subalgebra S and finds that for (8|1) ., . S = 0, i.e. S is maximally isotropic, whereas for (4|2.iii|b) and any choice of α, β, γ is ., . S = −4bK S , K S being the Killing form on S. This shows that as Drinfeld doubles (8|1) and (4|2.iii|b) and similarly (4|2.iii|b) for different values of b are not isomorphic.
Performing the same computation for all Manin triples in this set, we find that they divide into two subsets.
We find the transformation matrices for Manin triples in these subsets and prove the equivalence of the corresponding Drinfeld doubles: This set contains the greatest number of Manin triples: (7 a>1 |1),
In order to shorten our considerations we firstly present the transformation matrices C showing the equivalence of following Drinfeld doubles and later we prove that the following classes of Drinfeld doubles are nonisomorphic:
1. (7 a>1 |1) ∼ = (7 a>1 |2.i) ∼ = (7 a>1 |2.ii) for the same value of a 
In the proof of inequivalence of the above given classes of Manin triples we exploit the fact that the Drinfeld doubles have at least one decomposition into Manin triple with the 2nd subalgebraG abelian; we will use only these representants (7 a |1),a > 1, (6 a |1), (5|1), (4|1) in our considerations.
Firstly we find all maximal isotropic abelian subalgebras A of each of the given Drinfeld doubles. The dimension of any such A must be 3 from the maximal isotropy. The commutant is in all these cases 
In the next step we check which of these subspaces really form a subalgebra of the given Manin triple.
• (7 a |1): the maximal isotropic abelian subalgebras are span{X 1 , X 2 , X 3 } and span{X 1 ,X 2 ,X 3 }. One may easily construct for each of these maximal isotropic abelian subalgebras the dual (w.r.t . ) subalgebra by taking the remaining elements of the standard basis X 1 , . . . ,X 3 and finds that it is isomorphic in both cases to Bianchi algebra 7 a . In other words, we have shown that this class of Drinfeld doubles is non-isomorphic to the other ones and are mutually non-isomorphic for different values of a.
• (6 a |1): the maximal isotropic abelian subalgebras are span{X 1 , X 2 , X 3 },
By a slightly more complicated construction of the dual subalgebras we find that they are of the Bianchi type 6 a for the same a, i.e. this class of Drinfeld doubles is nonisomorphic to the other ones and are mutually non-isomorphic for different values of a.
• (5|1): the maximal isotropic abelian subalgebras are span{X 1 , X 2 ,X 3 }, span{X 1 , X 2 , X 3 }, span{X 1 , X 2 +αX 3 , −αX 2 +X 3 }, span{X 1 , X 3 ,X 2 } and span{X 1 ,X 2 ,X 3 }.
• (4|1): the maximal isotropic abelian subalgebras are span{X 1 , X 2 + αX 3 , X 3 − αX 2 }, span{X 1 , X 3 ,X 2 } and span{X 1 ,X 2 ,X 3 }.
Already from comparison of number of possible maximal isotropic abelian subalgebras for (5|1) and (4|1) one sees that the corresponding Drinfeld doubles are non-isomorphic.
Case dim[D, D] = 3
All Manin triples of this subset are decomposition of one Drinfeld double, i.e. they can be transformed one into another by the transformation (4). Below are the corresponding matrices. 
Manin triples with the Killing form of signature (0,1,5)
This set contains Manin triples (7 a<1 |1), (7 a<1 |2.i), (7 a<1 |2.ii), (7 0 |1), (7 0 |2.i), (7 0 |2.ii). As in the subsection 4.4.1 we can show that Manin triples (7 a<1 |1), (7 a<1 |2.i), (7 a<1 |2.ii) are decomposition of isomorphic Drinfeld doubles for the same a; the transformation matrices given above for a > 1 are meaningful also in this case. It remains to be investigated whether the Drinfeld doubles induced by (7 0 |1), (7 0 |2.i), (7 0 |2.ii) are isomorphic as or not. We again find all maximal isotropic abelian subalgebras of these Manin triples. We find • (7 0 |1): the maximal isotropic abelian subalgebras are
• (7 0 |2.i) the only maximal isotropic abelian subalgebra is span{X 3 , X 1 , X 2 }, the dual subalgebra to it w.r.t ., . doesn't exist.
• (7 0 |2.ii) the only maximal isotropic abelian subalgebra is span{X 3 , X 1 , X 2 }, the dual subalgebra to it w.r.t ., . doesn't exist.
This means that Drinfeld double induced by (7 0 |1) has only decompositions into Manin triple (7 0 |1) and that Drinfeld doubles corresponding to (7 0 |2.i), (7 0 |2.ii) are not isomorphic to the Drinfeld double corresponding to (7 a<1 |1) for any value of a. To prove that also (7 0 |2.i), (7 0 |2.ii) induce non-isomorphic Drinfeld doubles, we find all isotropic subalgebras of Bianchi type 7 0 in the Manin triple (7 0 |2.ii). They are
where
and the dual subalgebra w.r.t. ., . is in general
Structure coefficients in this new basis Y 1 , . . . ,Ỹ 3 are identical with the original structure coefficients for any α, β, γ, therefore the Drinfeld double corresponding to (7 0 |2.ii) allows no decomposition into other Manin triples and similarly for (7 0 |2.i). This set contains Manin triples (7 1 |1),(7 1 |2.i) and (7 1 |2.ii). They specify isomorphic Drinfeld doubles. For transformation matrices see subsection 4.4.1 and substitute a = 1.
Case dim[D, D] = 3
In this set, the only Manin triples that can lead to the same Drinfeld double are (2|2.i) and (2|2.ii). To see that the Drinfeld doubles are different, it is sufficent to find the centres Z(D) of these Manin triples and restrict the form ., . to them. These restricted forms ., . Z(D) have different signatures, therefore the Drinfeld doubles are non-isomorphic:
Q.E.D.
Conclusions
In this work we have constructed the complete list of six-dimensional real Drinfeld doubles up to their isomorphisms i.e. maps preserving both the Lie structure and an ad-invariant symmetric bilinear form , that define the double. The result is summarized in the theorem at the end of the Section 3 and claims that there just 22 classes of the non-isomorphic Drinfeld doubles. Some of them contain one or two real parameters denoted a and b. The number 22 is in a way conditional because e.g. the classes 9,14,18 could be united into one. The reason why they are given as separated classes is that they have different values of their invariants, namely the signature of the Killing form.
One can see that for many Drinfeld doubles there are several decompositions into Manin triples. For each Manin triple there is a pair of dual sigma models. Their equation of motion [2] 
are given by the Drinfeld double and a three-dimensional subspace E + ⊂ D so that all these models (for fixed E + ) are equivalent. Moreover the scaling of , does not change the equations of motion (7) so that all the models corresponding to (non-isomorphic) Drinfeld doubles with different b are equal. We can construct the explicit forms of the equations of motion for every Drinfeld double but without a physical motivation this does not make much sense. Let us note that the complete sets of the equivalent sigma models for a fixed Drinfeld double are given by the so called modular space of the double. The construction of all non-isomorphic Manin triples for the double is the first step in the construction of the modular spaces.
Appendix A: Bianchi algebras
It is known that any 3-dimensional real Lie algebra can be brought to one of 11 forms by a change of basis. These forms represent nonisomorphic Lie algebras and are conventionally known as Bianchi algebras. They are denoted by 1, . . . , 5, 6 a ,6 0 , 7 a ,7 0 ,8,9 (see e.g. [8] , in literature often uppercase roman numbers are used instead of arabic ones). The list of Bianchi algebras is given in decreasing order starting from simple algebras.
Appendix B: List of Manin triples
We present a list of Manin triples based on [7] . The label of each Manin triple, e.g. (8|5.ii|b), indicates the structure of the first subalgebra G, The Lie structures of the subalgebras G andG are written out in mutually dual bases (X 1 , X 2 , X 3 ) and (X 1 ,X 2 ,X 3 ) where the transformation (2) was used to bring G to the standard Bianchi form. Because of (3) this information specifies the Manin triple completely.
The dual Manin triples (D,G, G) are not written explicitly but can be easily obtained by X j ↔X j .
1. Manin triples with the first subalgebra G = 9:
2. Manin triples with the first subalgebra G = 8:
3. Manin triples with the first subalgebra G = 7 a : and dual Manin triples (G ↔G) to Manin triples given above for G = 2-9.
